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This Lecture: Outline

@ Latent Gaussian Process Models (LGPMs)
@ Variational Inference

@ Sscalability through Inducing Variables and Stochastic
Variational Inference (SVI)

@ Challenges & Opportunities

© Theory

@ Code
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Challenges in Bayesian Reasoning with Gaussian Process Priors

- p(f): prior over geology and rock
properties

- p(y|f): observation model's
likelihood

$20 Million geothermal well
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Challenges in Bayesian Reasoning with Gaussian Process Priors

- p(f): prior over geology and rock
properties

- p(y|f): observation model's
likelihood

- p(fly): posterior geological model:

f (2] f $20 Million geothermal well
b(f|y, 0) = —LE10PID
JEMDT
hard bit " N
Challenges: :

» Non-linear likelihood models
> large datasets
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Automated Probabilistic Reasoning

- Approximate inference

Deterministic
Stochastic

e

Computational Efficiency
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Automated Probabilistic Reasoning

- Approximate inference

® Deterministic
Stochastic

Goal: Build generic
yet practical

inference tools for
practitioners and
researchers

Computational Efficiency

- Other dimensions:
» Accuracy
» Convergence
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Latent Gaussian Process Models (LGPMs)

Supervised learning D = {Xn, Y, }N_,

- Factorised GP priors over Q latent functions: /\
! M

fi(x) ~ 97’(0 Kj(%,X'; 0))

(F|X,8) = HN(F 0,K))

j=1
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Latent Gaussian Process Models (LGPMs)

Supervised learning D = {Xn, Y, }N_,

- Factorised GP priors over Q latent functions:

Ao

fi(x) ~ gP(o Kj(x,X'; 0))
(F|X,0) HN(F 0,K))
j=1
- Factorised likelihood over observations

N N

M=

What can we model within this framework?
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Examples of LGPMs (1)

- Multi-output regression
- Multi-class classification

» P =Q classes
» softmax likelihood

BRTAE
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Examples of LGPMs (

- Inversion problems

X
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Examples of LGPMs (3)

- Log Gaussian Cox processes (LGCPs)
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Inference in LGPMs

We only require access to ‘black-box’ likelihoods. How can we
carry out inference in these general models?
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Variational Inference (VI): Optimise Rather than Integrate

Recall our posterior estimation problem:

1
p(F|Y) = p(F) p(Y|F)
posterior ~~~" prior conditional
marginal likelihood
likelihood
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Variational Inference (VI): Optimise Rather than Integrate

Recall our posterior estimation problem

1

p(F|Y) = p(F) p(Y|F)

posterior ~~~" prior conditional
marginal likelihood
likelihood

- Estimating p(Y) = [ p(F)p(Y|F)dF is hard

- Instead, approximate q(F| X) ~ p(F|Y) to minimize:

q(FIA)
p(FIY)

KL[G(F|X) [| p(F|Y)] = Eqgea) log

Properties: KL[g || p] > O,
KL[q || p] = 0 iff g = p.
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Decomposition of the Marginal Likelihood

log p(Y) = KL[G(F[A) [| P(FY)] + Lereo(A)

KLIq || p]

v

i log p(Y)

ZLrLo@)

y v

Fig reproduced from Bishop (2006)

* Leiso(A) is a lower bound on the log marginal likelihood
- The optimum is achieved when g = p
- Maximizing Lego(A) = minimizing KL[g(F | A) || p(F|Y)]
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Variational Inference Strategy

- The evidence lower bound L go(A) can be written as:

Leiso(A) = IEq(F\A) logp(Y|F) — KL[q(F|A) || p(F)]

expected log likelihood (ELL)  KL(approx. posterior || prior)

- ELL is @ model-fit term and KL is a penalty term
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Variational Inference Strategy

- The evidence lower bound L go(A) can be written as:

Leso(A) = Eqr ) logp(Y[F) — KL[q(F|A) [l p(F)]

expected log likelinood (ELL) ~ KL(approx. posterior || prior)

- ELL is @ model-fit term and KL is a penalty term

1

- What family of distributions? ae
> As flexible as possible 06
» Tractability is the main 04
constraint e

» No risk of over-fitting %1 o0 1 2 & 4

Fig from Bishop (2006)
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Variational Inference Strategy

- The evidence lower bound L go(A) can be written as:

Leso(A) = Eqr ) logp(Y[F) — KL[q(F|A) [l p(F)]

expected log likelinood (ELL) ~ KL(approx. posterior || prior)

- ELL is @ model-fit term and KL is a penalty term

1

- What family of distributions? ae
> As flexible as possible 06
» Tractability is the main 04
constraint e

» No risk of over-fitting %1 o0 1 2 & 4

Fig from Bishop (2006)
We want to maximise Lggo(A) wrt variational parameters A
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Automated Vl for LGPMS (Nguyen and Bonilla, NeurlPS, 2014)

Goal: Approximate posterior p(F|Y) with variational distribution

K Q

K
GFIA) = mre(FIA) =D mi [ [ NV (Fri My, Siy)
k=1

=1 j=1

=

with variational parameters A = {my;, Sy},
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Goal: Approximate posterior p(F|Y) with variational distribution

K Q

K
GFIA) = mre(FIA) =D mi [ [ NV (Fri My, Siy)
k=1

=1 j=1

=

with variational parameters A = {my;, Sy},
) P10

Reca“ EELBO(A) =- KL+ ELL:

- KL term can be bounded using
Jensen'’s inequality
> Exact gradients of parameters
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@) g"V(E) MG posterior
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Automated Vl for LGPMS (Nguyen and Bonilla, NeurlPS, 2014)

Goal: Approximate posterior p(F|Y) with variational distribution

K Q

K
GFIA) = mre(FIA) =D mi [ [ NV (Fri My, Siy)
k=1

=1 j=1

=

with variational parameters A = {my;, Sy},
) P10

Reca“ EELBO(A) =- KL+ ELL:

- KL term can be bounded using
Jensen'’s inequality
> Exact gradients of parameters

log p(y)

@) g"V(E) MG posterior

ELL and its gradients can be estimated efficiently
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Expected Log Likelihood Term

Th.: Efficient estimation . . »
The ELL and its gradients can be estimated using expectations

over univariate Gaussian distributions.

def

q()—% )(Fon | Ak(n))
g log p(Y | F) ZE% log p(Yn. | Fn.)

n=1

Va
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Expected Log Likelihood Term

Th.: Efficient estimation . . »
The ELL and its gradients can be estimated using expectations

over univariate Gaussian distributions.

def

67()—67/? y(Fon | Ak(ny)

g log p(Y | F) ZE% log p(Yn. | Fn.)

n=1

V)\h EQP& |0g p(Yn | Fn) = EQVE(N)V)‘& |Og QI? ( | A[Q I’l)) |Og p(Yn | Fn )

Practical consequences
- Can use unbiased Monte Carlo estimates
- Gradients of the likelihood are not required
- Holds VQ > 1
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Scalability through Inducing
Variables and Stochastic Variational
Inference (SVI)




Inducing Variables in GP Models

Inducing variables u

- Latent values of the GP, as

fand f* Inducing variab\es\ f
Un,

- Usually marginalized
(integrated out)

Inducing inputs Z

. . x:w Z:w ij )'(A Z:M X:N
- Corresponding input indusing inputs
location, as x

- Imprint on final solution

” ou ”ou

Generalization of “support points” “active set”, “pseudo-inputs”
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Variational Learning of Inducing Variables (Titisias, AISTATS, 2009)

- Augmented prior p(f,u) = p(f|u)p(u), exact marginal p(f)
- Approximate posterior q(f,u) = p(f|u)g(u)

p(f,w) p(y|f)

log p(y)

Edwin V. Bonilla, CSIRO’s Data61 17



Variational Learning of Inducing Variables (Titisias, AISTATS, 2009)

- Augmented prior p(f,u) = p(f|u)p(u), exact marginal p(f)
- Approximate posterior q(f,u) = p(f|u)g(u)

o o ‘ o ’ f, f
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Variational Learning of Inducing Variables (Titisias, AISTATS, 2009)

- Augmented prior p(f,u) = p(f|u)p(u), exact marginal p(f)
- Approximate posterior q(f,u) = p(f|u)g(u)

o o ‘ o ’ f, f
- Cubic operations on N ‘vanish rbw PyID

- Exact optimal solution for

Gaussian likelihood log p(y)

- Hyper-parameters and inducing

inputs optimized jointly -
Computation dominated by:

Kz K5, Kzx
Time cost O(NM?), can we do better?
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Stochastic Variational Inference for GP Models

Maintain an explicit representation of g(u) = N(m,S)

- Inducing variables act as
global variables

- ELBO decomposes across
observations X \ Vi

i
- Use stochastic optimization .—O

+ Ky zK5,'Kzy: Time cost
O(M3) — big data!
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Stochastic Variational Inference for GP Models

Maintain an explicit representation of g(u) = N(m,S)

- Inducing variables act as
global variables

- ELBO decomposes across
observations X \ Vi

i
- Use stochastic optimization .—O

+ Ky zK5,'Kzy: Time cost
O(M3) — big data!

- Converge to optimal solution for Gaussian likelihoods
(Hensman et al, UAI, 2013)
- Generalization to LGPMs (Dezfouli & Bonilla, NeurIPS, 2015)
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Stochastic Gradient Optimization

E {mLowerBound} = VyparLowerBound

< <+

N — N —

o o

o o~

1 1

<t | <

] i
I I I I I I I I I I
-4 -2 0 2 4 -4 -2 0 2 4

Robbins and Monro, AoMS, 1951
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Stochastic Variational Inference

—_—~—

vpar’ = vpar + 5 Vypa:(LowerBound) at — 0

p(par | data)
0.0 0.2 04 0.6 0.8 1.0

T T T T
-4 -2 0 2 4 0 20 40 60 80 100

Iteration
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0 ‘;
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er Developments: AutoGP

(Krauth et al UAI, 2017)

0.30
0.25
0.20

MSSE

o

500

Samples
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Epochs
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Error rate

* Breaks error-barrier on

MNIST for GP models
* Unprecedented scale

. ]DD DDD II
<]
5 10
R e e
10 200 1000 10 200 1000
Inducing inputs
The holy trinity of
machine learning
e o
2l ™
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Challenges & Opportunities




Data Fusion and Multi-task Learning (1)

- Sharing information across tasks/problems/modalities
- Very little data on test task

- Can model dependencies a priori

- Correlated GP prior over latent functions

T
& & OO—(—
ONONOIONMONO

Edwin V. Bonilla, CSIRO’s Data61
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Data Fusion and Multi-task Learning (2)

Multi-task GP (Bonilla et al, NeurlIPS, 2008)

+ Cov(fu(x), fin(X')) = K (%, X')

- K can be estimated from data

- Kronecker-product covariances
> ‘Efficient’ computation

- Robot inverse dynamics (Chai et
al, NeurlIPS, 2009)
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Data Fusion and Multi-task Learning (2)

Multi-task GP (Bonilla et al, NeurlIPS, 2008)

+ Cov(fu(x), fin(X')) = K (%, X')

- K can be estimated from data

- Kronecker-product covariances
> ‘Efficient’ computation

- Robot inverse dynamics (Chai et
al, NeurlIPS, 2009)

Generalisations and other settings:

- Convolution formalism (Alvarez and Lawrence, JMLR, 2011)
- GP regression networks (Wilson et al, ICML, 2012)
- Many more ...
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Non-linear Dimensionality Reduction with GPs

The Gaussian Process Latent Variable Model (GPLVM; Lawrence,
NeurlPS, 2004):
- Probabilistic non-linear
dimensionality reduction

- Use independent GPs for
each observed dimension

- Estimate latent
projections of the data via
maximum likelihood

Edwin V. Bonilla, CSIRO’s Data61 24



Modelling of Human Poses with GPLVMs (Grochow et al, SIGGRAPH 2004)

Style-Based Inverse Kinematics: Given a set of constraints,
produce the most likely pose

- High dimensional data derived from pose information
» joint angles, vertical orientation, velocity and accelerations

- GPLVM used to learn
low-dimensional trajectories

- GPLVM predictive distribution
used in cost function for finding
new poses with constraints

Fig. and cool videos at
http://grail.cs.washington.edu/projects/styleik/
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Probabilistic Numerics: Bayesian Optimisation (1)

Optimisation of black-box functions:

- Do not know their
implementation

- Costly to evaluate

- Use GPs as surrogate models
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Optimisation of black-box functions:
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implementation
- Costly to evaluate
- Use GPs as surrogate models
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@ Get a few samples from true function

@ Fit a GP to the samples
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to suggest new sample locations
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Probabilistic Numerics: Bayesian Optimisation (1)

Optimisation of black-box functions:
- Do not know their
implementation
- Costly to evaluate
- Use GPs as surrogate models

Vanilla BO iterates:

@ Get a few samples from true function

@ Fit a GP to the samples
© Use GP predictive distribution along with acquisition function

to suggest new sample locations

What are sensible acquisition functions?
Edwin V. Bonilla, CSIRO’s Data61 26



Bayesian Optimisation (2)

A taxonomy of algorithms proposed by D. R. Jones (2001)

Y AY
AN S

Fig. from Boyle (2007)

- 1(X4), 0%(Xs): pred. mean, variance

+ TEF(X,) — foest: Pred. improvement
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Bayesian Optimisation (2)

A taxonomy of algorithms proposed by D. R. Jones (2001)

- 1(X4), 0%(Xs): pred. mean, variance

+ TEF(X,) — foest: Pred. improvement

- Expected improvement: JA
El(X*)—/ Ip(T)dz
0
/ \m e

Fig. from Boyle (2007)

» Simple ‘analytical form’
» Exploration-exploitation
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Bayesian Optimisation (2)

A taxonomy of algorithms proposed by D. R. Jones (2001)

- 1(X4), 0%(Xs): pred. mean, variance

+ TEF(X,) — foest: Pred. improvement

- Expected improvement: JA
El(X*)—/ Ip(T)dz
0
/ \m e

Fig. from Boyle (2007)

» Simple ‘analytical form’
» Exploration-exploitation

Main idea: Sample x, so as to maximize the El
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Bayesian Optimisation (3)

Many cool applications of BO and probabilistic numerics:

- Optimisation of ML algorithms (Snoek et al, NeurIPS, 2012)

- Preference learning (Chu and Gahramani, ICML 2005; Brochu et
al, NeurlIPS, 2007: Bonilla et al, NeurlIPS, 2010)

- Multi-task BO (Swersky et al, NeurlPS, 2013)

- Bayesian Quadrature

See http://probabilistic-numerics.org/ and references
therein
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The Deep Learning Revolution

- Large representational power

- Big data learning through stochastic optimisation

- Exploit GPU and distributed computing

- Automatic differentiation

- Mature development of regularization (e.g., dropout)

- Application-specific representations (e.g., convolutional)

Edwin V. Bonilla, CSIRO’s Data61 29



Is There Any Hope for Gaussian Process Models?

Can we exploit what made Deep Learning successful for practical
and scalable learning of Gaussian processes?

Edwin V. Bonilla, CSIRO’s Data61 30



Deep Gaussian Processes

- Composition of Processes

(fog)(x)??

Damianou and Lawrence, AISTATS, 2013 - Cutajar, Bonilla, Michiardi, Filippone, ICML, 2017

Edwin V. Bonilla, CSIRO’s Data61 31



Teaser — Modern GPs: Flexibility and Scalability

- Composition of processes: Deep Gaussian Processes

. . Damianou and Lawrence, AISTATS, 2013 - Cutajar, Bonilla, Michiardi, Filippone, ICML, 2017
Edwin V. Bonilla, CSIRQO’s Data61



Learning Deep Gaussian Processes

- Inference requires calculating integrals of this kind:

p(Y|X,8) = /P<Y\F(N“)79(Nh)) .
. (F(Nh),pwh*”, H(NH)) X ... %

p (FOI, 0(0)) dF) - ff ()

- Extremely challenging!

Edwin V. Bonilla, CSIRO’s Data61 33



Inference for DGPs

- Inducing-variable approximations
» VI+Titsias
- Damianou and Lawrence (AISTATS, 2013)
- Hensman and Lawrence, (arXiv, 2014)
- Salimbeni and Deisenroth, (NeurlPS, 2017)

> EP+FITC: Bui et al. (ICML, 2016)
» MCMC+Titsias

- Havasi et al (arXiv, 2018)
- VI+Random feature-based approximations

» Gal and Ghahramani (ICML 2016)
> Cutajar et al. (ICML 2017)
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Inference for DGPs

- Inducing-variable approximations
» VI+Titsias
- Damianou and Lawrence (AISTATS, 2013)
- Hensman and Lawrence, (arXiv, 2014)
- Salimbeni and Deisenroth, (NeurlPS, 2017)

> EP+FITC: Bui et al. (ICML, 2016)
» MCMC+Titsias

- Havasi et al (arXiv, 2018)
- VI+Random feature-based approximations

» Gal and Ghahramani (ICML 2016)
» Cutajar et al. (ICML 2017)
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Example: DGPs with Random Features are Bayesian DNNs

Recall RF approximations to GPs (part ll-a). Then we have:

Edwin V. Bonilla, CSIRO’s Data61 35



Stochastic Variational Inference

- Define W = (QO),...,wO )
- Lower bound for log [p(Y|X, 8)]

Eq(w) (log [p (Y[X, W, 6)]) — DKL [q(V)][p (W|6)],

where g(V) approximates p(V|Y, 0).
- DKL computable analytically if g and p are Gaussian!

Optimize the lower bound wrt the parameters of (V)

Edwin V. Bonilla, CSIRO’s Data61 36



Stochastic Variational Inference

- Assume that the likelihood factorizes

p(Y’Xa W, 0) = H p(yk|xkv Wa 0)
R

- Doubly stochastic unbiased estimate of the expectation term

Edwin V. Bonilla, CSIRO’s Data61 37



Stochastic Variational Inference

- Assume that the likelihood factorizes

p(Y’X> wa 0) = H p(yk|xkv Wa 0)
R

- Doubly stochastic unbiased estimate of the expectation term
» Mini-batch

Eq(v) (log [P (YIX, ¥, 0)] Z Eq(w) (log [D(Vklxk, ¥, 0)])
l?ezm
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Stochastic Variational Inference

- Assume that the likelihood factorizes

p(Y’X> wa 0) = H p(yk|xkv Wa 0)
R

- Doubly stochastic unbiased estimate of the expectation term
» Mini-batch

Eq(v) (log [P (YIX, ¥, 0)] Z Eq(w) (log [D(Vklxk, ¥, 0)])
l?ezm

» Monte Carlo

Ny

1 -
Eqqu) (log [P(Vk| Xk, V, 0)]) ~ s > log[p(yelxr, Ur, 0)]
r=1

with U, ~ g(W).
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Stochastic Variational Inference

- Reparameterization trick

~ (1) 0 _( [
)y = oel) 4
- l
with eﬁ,—j) ~ N(0,1)
- ...same for Q
- Variational parameters

... and the ones for Q
- Optimization with automatic differentiation in TensorFlow

Kingma and Welling, ICLR, 2014
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Other Interesting GP/DGP-Based Models (1)

Convolutional GPs and DGPs

- Wilson et al (NeuriPs, 2016)

- van der Wilk et al (NeurlPs, 2017)

- Bradshaw et al (Arxiv, 2017)

- Tran et al (AISTATS, 2019)
Structured Prediction

- Galliani et al (AISTATS, 2017)
Network-structure discovery

- Linderman and Adams (ICML, 2014)

- Dezfouli, Bonilla and Nock (1cmL, 2018)
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Other Interesting GP/DGP-Based Models (2)

Autoencoders
- Dai et al (ICLR, 2015); Domingues et al (Mach. Learn., 2018)
Reinforcement Learning

- Rasmussen & Kauss (NIPS, 2004); Engel et al (ICML, 2005)
- Deisenroth and Rasmussen (ICML, 2011)
- Martin and Englot (Arxiv, 2018)

Doubly stochastic Poisson processes

- Adams et al (ICML, 2009); Lloyd et al (ICML, 2015)
- John and Hensman (ICML, 2018)
- Aglietti, Damoulas and Bonilla (AISTATS, 2019)
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Theory




Asymptotics & Consistency

- The GP posterior mean minimizes the following functional:
T 1
) = g+ 52 2 0= 169

where ||f[|%, is the RKHS norm corresponding to the covariance
function .

- What happens when N — 0o?
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Asymptotics & Consistency

- The GP posterior mean minimizes the following functional:
T 1
) = g+ 52 2 0= 169

where ||f[|%, is the RKHS norm corresponding to the covariance
function k.

- What happens when N — oo?
- f converges to Epq o [vIX] -

- ... under some regularity conditions (nondegenerate &,
regression function well-behaved)

Edwin V. Bonilla, CSIRO’s Data61 41



GPs & Stochastic Differential Equations

- Consider the Markov process:

d"f(x) d" ' (x) df ()
e T A gt T g

am + aof (x) = w(x)

where w(x) is a zero-mean white-noise process.
- The solution is a GP
- The covariance depends on the form of the SDE
- Solving SDEs is easy in low dimensions!
- We can solve GPs in O(N log N)

Saatgci, Ph.D. Thesis, 2011
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Other Interesting Topics

- Average-case Learning Curves
- PAC-Bayesian Analysis
- Theory for Sparse GPs - Best Paper Award ICML 2019
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Code




Code for Gaussian Processes

- python

> GPy
- MatLab

» gptoolbox
- R

» kernlab

Edwin V. Bonilla, CSIRO’s Data61 4t


https://github.com/SheffieldML/GPy
https://www.mathworks.com/help/stats/gaussian-process-regression-models.html
https://rdrr.io/cran/kernlab/

Code for Gaussian Processes - With Automatic Differentiation

- TensorFlow:
» GPflow
> AutoGP

- PyTorch

» CandleGP
» GPyTorch
» BoTorch

Edwin V. Bonilla, CSIRO’s Data61
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https://github.com/GPflow/GPflow
https://github.com/ebonilla/AutoGP
https://github.com/t-vi/candlegp
https://gpytorch.ai/
https://botorch.org/

Deep Gaussian Processes

- TensorFlow:
> GPflow
» Doubly-Stochastic DGPs
- PyTorch
» DGPs with Random Features
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https://github.com/GPflow/GPflow
https://github.com/ICL-SML/Doubly-Stochastic-DGP
https://github.com/mauriziofilippone/deep_gp_random_features

Conclusions (1)

- LGPMs: General framework for GP priors and non-linear
likelihoods

- Applications in multi-class classification, multi-output
regression, modelling count data and more

- Generic inference via optimisation of the variational objective
(ELBO)
- Scalability via inducing-variable approach

- AutoGP
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Conclusions (2)

Applications and extensions of GP models by using more complex
priors (e.g. coupled, compositions) and likelihoods

- Multi-task GPs by using correlated priors

- Dimensionality reduction via the GPLVM

- Probabilistic numerics, e.g. Bayesian optimisation
- Deep GPs

- Convolutional GPs

- Other settings such as RL, structured prediction, Poisson point
processes
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CSIRO’s Data61: Looking for the Next Research Stars in ML

Interested in working at the cutting edge of research in ML and
Al?
https://ebonilla.github.io/
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https://ebonilla.github.io/
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